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Nonlinear Analysis of Pretwisted Rods Using
"Principal Curvature Transformation,"

Part II: Numerical Results

Aviv Rosen,* Robert G. Loewy,t and Mathew B. MathewJ
Rensselaer Polytechnic Institute, Troy, New York

This, the second part of a two-part paper, makes use of the method developed in the first part to investigate
the nonlinear behavior of rods. A first example illustrates the complexity of the nonlinear relative to the linear
case. A second example examines such aspects as convergence of the iterative solution, the number of general-
ized coordinates needed, and four different levels of nonlinearity. A comparison of the results calculated using
the theory for the second example with existing experimental results shows good agreement. A third example
deals with the resulting moment distribution along the rod. Three methods for calculating the components of
this resultant moment are presented, compared, and discussed. The fourth example involves the nonlinear
behavior of a pretwisted rod.

I. Introduction

I N the first part of this paper, a numerical model for analyz-
ing the nonlinear coupled bending-torsion of pretwisted

rods was derived.1 This model results from combining a
"principal curvature transformation" and a generalized coor-
dinates technique. Several advantages of the new model were
cited in Ref. 1, but the best test of any new method is to make
calculations the results of which can be checked against
available experimental data or against those of earlier
theories.

After a general description of the numerical solution pro-
cedure, four specific examples are dealt with here. The first
is a special case that provides a vehicle for discussing the
complexities associated with the nonlinear behavior of rods.
The second case is a flat rod, loaded by a concentrated
transverse force at its tip, whose characteristics were chosen
to be the same as those for which experimental and
theoretical results of other investigators are available in the
literature. The deflections and rotations calculated using the
present method are compared with the earlier results. The
third case is another rod with zero pretwist for which the
bending moment distributions along its length are calculated
by three methods: the first two methods involve curvature
and twist, which are calculated in two different ways. The
third method integrates moments in terms of external loads
along the rod, including all nonlinear effects. The results of
the three moment distribution prediction methods are com-
pared and discussed. The fourth example presents the
behavior of a pretwisted cantilevered rod with a transverse
load at its tip. All four are examined with the intent of
assessing the accuracy and efficiency of the new method.

II. Generalities Concerning
the Numerical Calculations

The Galerkin integrals, which result from the current for-
mulation,1 can be calculated by a variety of numerical in-
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tegration schemes. In this paper, they are calculated using
the IMSL DCADRE subroutine. This subroutine uses
''cautious adaptive Romberg" extrapolation.2

All examples in this paper are for a cantilevered rod with
constant distributed properties; i.e., bending stiffness in the
if] and £ directions (EIm)9 (EI^)9 respectively; torsional rigid-
ity (GJ)\ mass per unit length (ra); and polar moment of
inertia per unit length (MIP). (For further definitions of
symbols see Ref. 1.) The first three rods have zero pretwist;
the fourth example includes pretwist. The shape functions
FVe(j), FWe(k}, FVy), and FW(k) are chosen as the ap-
propriate (/th or Ath) mode shapes of free transverse vibra-
tion of a uniform, nonrotating clamped/free rod in a
vacuum. Analytic expressions for these modes and the ap-
propriate frequencies can be found, for example, in Ref. 3.
The shape functions F<t>e(f) or F0(f) are chosen as the #h
mode shape, of the free, in vaccuo torsional vibrations of a
uniform fixed/free rod (see, for example, the analytic ex-
pressions in Ref. 4). Similarly, the shape functions FU(n) are
chosen as the mode shapes of axial vibration of a fixed/free
uniform rod.3

The generalized stiffness matrix is assembled using Eq.
(23) of Ref. 1. Matrices and submatrices that are not func-
tions of the unknown response are calculated only once and
kept on a disk, thus increasing the efficiency of the solution
procedure.

The system of equilibrium equations [Eq. (48) of Ref. 1]
is nonlinear. In all cases presented here, this system is solved
by a simple iterative procedure. At low loads, the last solu-
tion is used as an input to the next iteration. At higher loads,
a relaxation factor is usually required to speed convergence.
In these cases, the input to the new iteration is chosen at
some point between the input and output of the last itera-
tion. The exact value of the relaxation factor is not a critical
parameter, and it influences only the number of iterations re-
quired for convergence, not the results themselves.

In all of the results presented here, the convergence condi-
tion was that the relative change of the displacement com-
ponents or rotation at the tip (ftip,wtip,</>tip) between two
subsequent iterations be less than 1%. Tighter requirements
for convergence were also tried (e.g., relative change of
> 0.001 and less). The final results showed practically no
change, but the computational time was increased
significantly.

In order to save computational effort, the term [K2] ( t f )
on the left-hand side of Eq. (48) in Ref. 1 was transferred to
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the right-hand side of the equation and added to the
"loading vector" (/5). The coefficient matrix on the left-
hand side of the equation is then no longer a function of the
unknowns and it need be inverted only once at the beginning
of the solution and can then be used throughout the solution
procedure.

Four different mathematical models are used here. They
are defined as follows (equations cited are in Ref. 1):

1) Model A—The curvature components and twist expres-
sions contain only the terms of Eqs. (24) that are not
underlined.

2) Model B—All of the terms of Eqs. (24) are included ex-
cept for the last, fourth-order term in Eq. (24c).

3) Model C—All of the terms of Eqs. (24) are included.
4) Model D—Equations (A 13-A15) are used for Ky, Kz,

and r, respectively.
To limit what would otherwise be a very large number of

results, a "standard mathematical model" was defined. It
consists of model D and the combination of generalized
coordinates: Nv=Nw=Nue=Nwe = 3, A^=7V^ = 5. Unless
otherwise stated, the theoretical results that are presented in
what follows are for this "standard mathematical model."

III. Complexity of Nonlinear
Relative to Linear Cases

This section attempts to provide insight as to the complex-
ity of nonlinear compared with linear cases and to suggest
the extra caution and accuracy required in analyzing them
relative to their better known linear behavior. The rod con-
sidered in this section is shown in Fig. 1; a cantilevered, flat
(zero pretwist) rod loaded by a concentrated force Pc at its
tip. Pc lies in a plane parallel to the y-z plane and forms an
angle 7 with the undeformed y direction. The orientation of
the y and z axes coincides with the principal directions of the
cross section. The rod properties are:

(£/„„) = (£/,,) =2.26684 N-m2; (GJ) =0.48659 N-m2

= 0.02829 kg/m, MIp = 0.04754 x 10 ~6 kg/m (1)

and are uniform along its length L of 0.508 m (20 in.). This
is denoted "rod I" in what follows.

Since (EI^) = (EI^), any arbitrary orthogonal directions
of the cross section are principal directions. This rod will,
therefore, always bend in the plane defined by the axes x and
Pc. As a result of this symmetry, one would expect torsion
not to occur even with large deflections.

Two rod I, "standard mathematical model" cases were
calculated; for 7 = 0 and 45 deg. In Fig. 2, vtip and wtip (com-
ponents of tip displacement in the directions y and z, respec-
tively) are plotted as functions of the tip load. As expected,
when j> = 0, wtip is equal to zero; for 7 = 45 deg, t;tip and wtip
are equal; and their resultant (u2

ip + w2
ip)1/2 is practically equal

to vtip when 7 = 0 deg at low loads, with small deviations
(not exceeding 4%) occurring at higher loads where the inac-
curacies of the model increase. In the usual linear theory of
rod bending, this symmetric analytical behavior results
because a symmetric system of equations is obtained for the
case 7 = 45 deg, where v and w can be interchanged without
changing the equations. On the other hand, in the nonlinear
case, as a result of introducing finite rotations, the
mathematical model is not symmetric for 7 = 45 deg. This
lack of symmetry can be seen clearly in the expressions for
the curvature components Ky and Kz [see Eqs. (A 13) and
(A14) of Appendix A of Ref. 1], where equal expressions
for v and w will give only equal values of Ky and Kz if <£
takes on appropriate values. Since i>tip and wtip are shown as
equal in Fig. 2, in accordance with physical reasoning, it ap-
pears that the method behaves properly. The fact that par-
ticular values of <t> are required to provide symmetry in ex-
pressions for v and w shows that there is dissymmetry in the
mathematical model itself.

Fig. 1 Cantilevered rod loaded at its tip.

(cm) (inch)

2 4 6 8 10
TIP LOAD, Pc

Fig. 2 Rod I—Tip displacement as a function of tip load.

In Fig. 3a, </>tip is plotted vs load magnitude for 7 = 45 deg.
Clearly, for 7 = 0 deg, </>tip is identically zero. Does this mean
that, in spite of physical reasoning, the cases of 7 = 0 and 45
deg give different results? If so, one would suspect that the
model is incorrect. The answer is that </> is one of three Euler
angles that are part of the mathematical model. If the se-
quence of the assumed rotations assumed to achieve a state
of deformation is changed, then the values of these rotations
change, although the deformed state remains the same. Euler
angles, for all their utility in solution procedures, do not
represent basic invariant properties of deformed rods. This
matter is also discussed in Ref. 5. A better representative of
rod rotations due to deformation is the matrix [ TEIE ],
which is defined by Eq. (Al) of Ref. 1. (For more details see
Ref. 6.)

One concludes that in nonlinear response, contrary to the
linear case, the existence of an angle <j> does not necessarily
indicate torsiofi along the rod. In Fig. 3b, an expression for
the twist distribution along the rod at a load of Pc = 11.12 N
and 7 = 45 deg is plotted according to the right-hand side of
Eq. (A16c) of Ref 1, i.e., calculated from the series expres-
sion for v, w, arid </>. Note that the equivalent of Eq. (A16c)
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of Ref. 1 does not apply at all points along the rod in a
Galerkin method, but is satisfied only on the average. The
result of using the left-hand side of Eq. (A16c)—i.e.,
calculated from the series expression for <j)e—gave even
smaller values, which practically coincide with the zero axis
and are, therefore, not shown in Fig. 3b. It is shown,
therefore, that these values of twist also approach zero, as in
the case where 7-0 deg. Further discussion of these two
methods of calculating T appears in Sec. V. Figure 3b also
shows the distribution of </> x , which represents twist in the
linear case. It can be seen that unlike T, <t> x is nonzero, even
on the average, thus indicating that <£ is not related directly
to torsion as it is in the linear case. To show that, in this
case, 0 is an artifice (resulting from the choice of coor-
dinates and nonlinear contributions due to rod bending) in
another way, the torsional stiffness of the rod (GJ) was in-
creased by a factor of 10 holding all other properties con-
stant and displacement and rotation results recalculated.
These values of v, w, and </> were too close to those presented
in Figs. 2 and 3a for differences to be seen in the graphs.
Clearly, for this nonlinear case, 0 is not solely associated
with torsion, in contrast to what is expected from linear
behavior.

IV. Comparison of Results with Experiment
for Different Nonlinear Models

To further validate the mathematical model, differences
among them (models A-D) were investigated and their
results compared with those in the literature, including test
data. The case under consideration is, again, a cantilevered
rod loaded by a tip force (see Fig. 1). In addition, a uni-
formly distributed load along the rod, corresponding to its
own weight, is accounted for. Although the influence of the
self-weight is very small for the case in question and can be
neglected at high loads, it is included here for completeness.
Thus, mathematically, the distributed load is described as
follows (see Fig. 1):

P = C& (x-L)] (cosyey + sinyez ) (2)

where g is the gravity acceleration.
These calculations include "rod II," a flat aluminum rod

which is one of the models (beam 2) of Ref. 8 and is iden-

(degrees) 4
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TIP LOAD, Pc

Fig. 3a Rod I—Euler angle <j> as a function of tip load.

tical to those considered and presented in Refs. 9 and 10. Its
properties are listed in Table 1. The stiffness properties of
the rod were based on the test results of Ref. 9 noting that,
when 7 = 0, the v displacement is small and behaves linearly
under loads in the range of interest. The experimental slope
of the curve of v vs Pc (7 = 0 deg) was used to calculate
(EIm), and (EI^) was obtained by multiplying (EIm) by the
ratio of thickness to width squared. The torsional rigidity
(GJ) was calculated first by using the expression
[G = E/2(\ + v)], where Poisson's ratio is 0.31, and using the
area properties of a rectangular cross section to estimate /.
Then (GJ) was recalculated, based on the first natural tor-
sional frequency of the rod, as given in Ref. 10. There was a
difference of a few percent between the two values, and (GJ)
was taken as the average.

Calculations using different numbers of generalized coor-
dinates were run to check the convergence of the truncated
series, which describes the displacement and principal cur-
vature components. Good convergence was obtained when-
ever more than one mode was used in each type of deforma-
tion; in-plane bending, out-of-plane bending, and torsion. In
the authors' experience, the convergence of the present
method is better than that usually obtained using a direct
Galerkin solution of equilibrium equations.7 Some of the
results and more details are presented in Ref. 6.

Figure 4 compares the results obtained using the four
mathematical models (A-D) described in Sec. II. In these
figures, t>tip, wtip, and the "tip twist angle" $tip (see Appen-
dix) are presented, as predicted by the four different models.
A comparison with the experimental results of Refs. 8 and 9
is also shown. The following conclusions can be drawn from
these figures:

1) The fourth-order term that constitutes the difference
between mathematical models B and C has a negligible effect
in all of the cases calculated.

2) Nonlinear terms cause an increase in the edgewise com-
ponent of the displacement (see Fig. 4a) relative to the linear
theory case. Mathematical models A-G give results that are
close to one another and higher than the results of model D.
There is good agreement between the experimental results for
edgewise displacement and the predictions using model D.

3) Mathematical models A-C give practically identical
results for the flatwise component of displacement, which
are higher than the linear predictions (Fig. 4b). Mathematical
model D predicts smaller flatwise displacements than the
linear theory, and they are close to the experimental values.

4) Mathematical models A and B predict different "twist
angles" 0 at high loads, with the latter yielding smaller
values. (See Fig. 4c.) Model D results are even lower and
agree quite well with the experimental measurements (better
than the other models) at all but the highest loads. These
predictions for 4> are based on the arc tan formulation [Eq.
(A4)].

5) None of the present theoretical models results in a
divergence of the type suggested by figures shown in and ap-
plying the results of the theory of Refs. 8-10 and discussed
later in this paper in connection with Fig. 5. To the contrary,
convergence has been obtained easily, even at the highest
postulated loads.

0.3

0.2

(rad/m) 0(

Table 1 Properties of rod II

^-^"0.2 0.4 0.6 0.8 1.0
NONDIMENSIONAL LENGTH, x/L

Fig. 3b Rod I—Twist (T) and </>,* distribution (Pc = 11.12 N,
7 = 45 deg).

Length Z,, m (in.)
Width, m (in.)
Thickness, m (in.)
Principal bending stiffness components

(£/,„), N-m2

(El K), N-m2

Torsional rigidity (GJ), N-m2

Mass per unit length m, kg/m
Mass moment of inertia

per unit length (MIp), kg-m

0.508 (20)
0.0127 (0.5)

0.003175 (0.125)

36.2695
2.2668
2.9623
0.11317

1.6162xlO~6
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Fig. 4a Rod II—Result comparison for edgewise displacement
(7 = 30 deg).
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Fig. 4b Rod II—Result comparison for flatwise displacement
(7 = 30 deg).
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Fig. 4c Rod II—Result comparison for tip "twist angle" (7 = 30
deg).

Calculations performed for other values of the load ap-
plication angle 7 showed trends similar to those discussed
previously, but are omitted for brevity's sake.

Figure 5 compares the results of several theoretical predic-
tions for and experimental measurements of tip deflection as
a function of the load angle 7 for several load levels. The
present theoretical results for the edgewise and flatwise com-
ponents exhibit good agreement with the experimental results
for all of the tip loads and load angles tested. Similar graphs
for the twist angle 0 are presented in Fig. 5c. The nature of
0 is discussed in the Appendix [values of <j> were calculated
using the arc tan and arc cos formulations, Eqs. (A4) and
(A5), respectively]. Only small differences result and they
are apparent in the region 0 deg<7<45 deg only at the
highest loads. Agreement between theoretical and experimen-
tal results is good for the two lower loads, while some
discrepancies appear at the highest load for 7 angles near 45
deg. In general, the agreement between the results of the pre-
sent theory and experiment is better than those presented for
the theoretical results in Refs. 9 and 10. Moreover, as noted
earlier, in all of the cases examined here, good convergence
is obtained using a simple iterative procedure, whereas the
theory of Refs. 9 and 10 appears to predict diverging tip
deflections at certain loads (not shown in the experiments). It
is noteworthy that a more complicated Newton-Raphson
method is also required in Refs. 9 and 10 to solve the
nonlinear problem.

To check self-consistency within the present model, the
values of (EI^) and (EI^) were interchanged and nonlinear
rod deformations recalculated. It is clear from physical
reasoning that this should give the same results as the
previous calculations, if the load angle is replaced by (90 deg
-7). As noted earlier, such would not be a trivial result of
identical calculations, as it would be in the linear case, since
the present nonlinear model is not symmetric with respect to
y and z. Failure to obtain this expected behavior would be an
indication of inaccuracies in the derivation. Practically iden-
tical results, however, are obtained for the tip edgewise and
flatwise displacements. In the case of the tip "twist angle"
0, identical results are obtained at the two low loads, while
small deviations appear at the high load. [See the result of
Eq. (A6) in Fig. 5c.] These deviations probably result from
the very large deformations in that region and would prob-
ably disappear if a still more accurate nonlinear analysis
were used.

To this point only tip deflections and rotations have been
presented in this paper. The span wise distributions of these
variables were also calculated and good agreement with the
experimental resuts given in Ref. 9 obtained for those
distributions. These results are not presented here to con-
serve space.

V. Resultant Moment Distributions
In many engineering applications, the calculation of the

cross-sectional moment or maximum stress is of prime im-
portance. The purpose of this section is to present theoretical
results for the moment distributions along the rod. Such
moments are calculated by three methods—described in
more detail in Appendix B of Ref. 6—and which include:

1) Method A—Integrating the appropriate product of
loads along the rod times their lever arms.

2) Method B—Calculating the curvature and twist by us-
ing the Vg , w/, and <£c' series [the direct principal curvature
expressions, see Eqs. (14) of Ref. 1 ].

3) Method C—Using displacement derivatives to express
the curvature and twist according to Eqs. (A 13-A15) of
Ref. 1.

The moment distribution calculations were performed for
a cantilevered rod called "rod III" in what follows. Its prop-
erties are: L = 0.35 m, (EIm) = 418.5 N-m2, (£7rr)=: 0.538
N-m2, (GJ) = 0.8032 N-m2, and 7-15 deg.
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Fig. 5a Rod II—Comparisons among calculated and experimental
results for edgewise components of tip displacement.
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Fig. 5b Rod II—Comparisons among calculated and experimental
results for flatwise components of tip displacement.
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Fig. 5c Rod II—Comparisons among calculated and experimental
results for tip "twist angle."
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Fig. 6 Rod III—Edgewise bending moment distributions.

Here the influence of self-weight is neglected. These prop-
erties have been chosen to allow comparison of the results of
present calculations with those presented in Ref. 11.

The spanwise distributions of moment components for a
load of Pc = 5 N were calculated. In the case of the com-
ponents Mx and My (in the directions exl and eyl, torsional
and flatwise components, respectively), the results of
methods B and C coincide and show good agreement with
method A. (For details, see Sec. 5 qf Ref. 6.)

The spanwise distribution of the edgewise component Mz
(in the ezl direction) is shown in Fig. 6. Agreement between
methods A and B is good, but the results of method C
oscillate about the monotonic results of the other two
methods, with deviations at the root exceeding 50%. Some
insight can be gained by examining the theoretical results of
Ref. 11 for the same case. Reference 11 (similar to Ref. 7)
solves the equilibrium equations by direct application of a
Galerkin method, and the resulting moment components are
calculated using expressions similar to those of method C.
Distributions of Mx and My in Ref. 11 are similar to the
present results. The Ref. 11, Mz distribution shown in Fig. 6
used NV=NW = 4, N(j) = 5 in the series solution, and large
discrepancies appear compared with the other results. The
difficulties in predicting Mz by method C and that in Ref. 11
arise because the expression wfXX<t> in the equation for Ky
[see Eq. (A13) of Ref. 1] becomes of the same order of
magnitude as the linear term due to large differences in the
magnitudes of v nd w. The better results obtained using prin-
cipal curvature expressions (method B) are also in agreement
with the results of Sec. Ill, concerning the twist distribution.

VI. Behavior of a Pretwisted Rod
The pretwisted rod considered here is identical to rod II of

Sec. IV, except that it has a linear pretwist of 90 deg between
its root and tip cross sections. The y axis coincides with the
width direction of the root cross section. The rod is clamped
at the root and free at the tip. A concentrated transverse
load acts at the tip in its width direction.

Components of tip transverse displacements are shown in
Fig. 7a as functions of the tip load. Here v is the component
in the width direction of the root cross section, while w is
perpendicular to it. Results obtained using nonlinear mathe-
matical models A and D are presented together with those of
an exact analytical solution of the linear equations of bend-
ing of a linearly pretwisted rod loaded by a transverse tip
force. (The detailed analytic expressions appear in Ref. 12.)
At small loads and small displacements the results of the ex-
act linear theory coincide with the results of the present
method. This proves that the pretwist is properly taken into



APRIL 1987 NONLINEAR ANALYSIS OF PRETWISTED RODS 603

e
^ 35 -

Q_
CO
O

O
O

LINEAR THEORY
MATHEMATICAL MODEL A
MATHEMATICAL MODEL D

TIP LOAD ( N )

Fig. 7a Pretwisted rod—Components of the transverse displace-
ment at the tip as a function of the tip load.
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Fig. 7b Pretwisted rod—Angle </> at the tip as a function of the tip
load.

account. As displacements increase, nonlinear effects begin
to appear. In the present case, both deflection components
decrease due to nonlinear effects. The decrease is larger for
mathematical model D than for mathematical model A.

It is noted that the trend of nonlinear effects depends on
structural properties, amount of pretwist, and tip load direc-
tion. Changes of tip load direction or amount of pretwist
were shown to increase certain displacement components.

The angle </> at the tip is presented in Fig. 7b as a function
of tip load. This angle, as noted earlier, results solely from
nonlinear effects. Mathematical model D yields lower values
than model A for the pretwisted rod, as was true for zero
pretwist.

The amount of pretwist was chosen here to be larger than
found in most practical cases, to check the accuracy of the
present method. Results for the stability of axially com-
pressed rods are presented for even larger values in Ref. 12.
The latter calculations show that there is no problem in ac-
counting for large amounts .of pretwist (the tip cross section
is rotated more than two revolutions relative to the root
cross section) if the number of terms in the series for f, w,
Vg t and Wg is increased as pretwist becomes large.

VII. Conclusions
The following conclusions emerge from the studies re-

ported here.
1) The nonlinear coupled bending-torsion case is much

more complicated, its behavior is less evident, and it is
deserving of special care, as compared with the linear case.
The interpretation of results obtained in such cases is not
straightforward.

2) Euler angles are useful mathematical tools for the pur-
poses of derivation, but they cannot be measured directly
during experiments.

3) In the nonlinear case, the presence of </> does not
necessarily indicate the action of a twisting moment.

4) The results of mathematical model D show very good
agreement with existing experimental results and, for the
other cases examined, produced no apparent violations of
simple physical reasoning.

5) The magnitude of discrepancies between the results
produced using mathematical model D as compared with
those obtained with mathematical models A-C increases with
higher load levels. This indicates that neglecting products of
elastic rotations is not justified in the ranges considered.

6) For all combinations of loads and loading angles in-
vestigated, very good convergence properties were obtained
for the nonlinear system using a simple iterative procedure
incorporating relaxation factors at high load levels. It has
also been shown that two terms in each of various series
which represent the unknowns, is enough to give a converged
displacement solution of reasonable accuracy.

7) The resulting moment components calculated by in-
tegrating loads along the rod agree well with those obtained
using principal curvature components.

8) The present method seems to be more efficient and
more accurate than those in which the equilibrium equations
are solved directly. Its success probably stems from a for-
tuitous combination of the "principal curvature transforma-
tion/' the generalized coordinates technique, and a Galerkin
method in which the curvature and twist components are
used as weighting functions.

9) Results for pretwisted rods show good agreement with
exact analytical results for the linear case, as long as the
deformations are small. As the deformations are increased,
nonlinear effects become important. The magnitude and
even trends of such nonlinear effects may change with pre-
twist and load direction.

Appendix: *'Twist Angles" as Measured
in Experiments with Rod II

The authors of Refs. 9 and 10 present the results of
measurements including what is referred to as the "twist
angle." In order to compare their experimental results with
those of the present theory, special examination of these
angles is required. The purpose of this Appendix is,
therefore, to consider their meaning.

In the research of Refs. 9 and 10, lightweight "reference
rods" were attached in the chordwise direction normal to the
rod centerline at each of four selected spanwise stations
(x = 0.25L, 0.50L, 0.75L, L). The exact length of the refer-
ence rods was 6.000 in. ±0.001 in., they were quite stiff (see
details in Ref. 9) and each weighed about 1.6 g. The in-
fluence of their weight on rod displacements is, therefore,
negligible.

If the length of the lightweight reference rod is denoted d,
then the vector describing this rod is

1 = dev- (Al)

As explained in Ref. 1 (see also Fig. 1), ex, ey, and ez form a
triad of unit vectors in the directions of the coordinate lines
x, y, and z, respectively; ex{, eyl, and ezl is the same triad
after deformation. The transformation between both triads
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is given by [see Eq. (Al) of Ref. 1]

C
^x

(A2)

The terms Sfj (i,j = x,y,z) are functions of the displacements
and their derivatives. These functions vary according to the
levels of nonlinearity considered. The terms for the case of
small strains and moderate elastic rotations are given in
Refs. 7 and 13. The terms for a certain class of higher
nonlinearity, where products of elastic rotations are not
negligible compared to unity (model D), are given by Eq.
(A9) of Ref. 1.

The blade "twist angle" </> is defined as that caused by tip
loads, so that the experimental rod "twist angle" values are
incremental angles measured against those that exist when no
loads are applied (Pc = 0).

Calculation of the angle 4> refers to the projection of a
particular rotated reference rod onto a plane parallel to the
y-z plane (see Fig. 1). If the angle between this projection
and the loading direction is denoted a, the 0 is defined as

<j> = a. — ce0 (A3)

where o:0 is the initial value of a. when Pc = 0.
Using straightforward geometry (a detailed derivation ap-

pears in Appendix A of Ref. 6) expressions for a are ob-
tained. In what follows, two different expressions are
presented.

Based on an arc tan formulation, the expression for a.
becomes

= arc tan
Syy smy-Syz cosy
Syy cosy + Syz siny

(A4)

If an arc cos formulation is used, then the expression is

e = arc cos
Syy cosy + Syz siny

(A5)

In the exact case, Eqs. (A4) and (A5) will give identical
values of a. But, because of inaccuracies due to approxima-
tions in the model and the numerical solution, certain
discrepancies are expected. Because of such inaccuracies, the
denominator of Eq. (A5) is not replaced by unity (its value
in the exact case).

The derivation up to this point has been for the case
shown in Fig. 1, where the larger cross-sectional moment of
inertia is chosen to be about the Z axis. When the opposite
occurs—when the system of coordinates is defined such that
the moment of inertia is larger about the y axis—then the
lightweight reference rod lies in the ezl direction. The expres-
sion for a. becomes, for the arc tan formulation,

tan
— Szy siny + Szz cosy
S cosy + Szz siny

(A6)

and using the arc cos formulation,

S^ cosy + Szz siny
a — arc cos (A7)
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